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Practical Active Control System for Combustion Oscillations
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A low-frequency combustion instability of a flame burning in a duct has been successfully controlled by the
unsteady addition of extra fuel. A suitably phased addition of only 3% more fuel reduces the peak in the
pressure spectrum due to the combustion instability by some 12 dB. The acoustic energy in the 0-400 Hz
bandwidth is reduced to 18% of its uncontrolled value. Since relatively little unsteady fuel is necessary, the
mechanical power requirements of the controller are modest and the system is easy to implement.

Nomenclature
c(x) = sound speed
G(u) = transfer function across the feedback circuit
/(*,/) = light emission from a 75-mm length of ducting

centered on x
k — P--/VA, — .r inj/ v o

L = duct length
MI = mass flow rate of primary premixed air = ma\ + mf\
M2 = mass flow rate of secondary premixed air

- ma2 + mf2
mai = mass flow rate of primary air

mass flow rate of secondary air
mass flow rate of primary fuel
mass flow rate of secondary fuel
Anj/210 kPa
pressure
pressure in feed ring supplying fuel injectors
pressure perturbation at reference position
x = 0.725 m
heat release rate in 75-mm length of ducting
centered on x
heat release rate/unit length
power spectral density of /?ref(/)
cross-power spectral density of p(x,t) and Q(x,t)
transfer function between pref and v for

Superscripts

ma2
rrifi
mj2
^inj
p(x,t)
PinjCO
Pref(0

Q(x,t)

q(x,t)
Sp(oj)
SPQ(U>)
T(u>)

TE(U>) =
/ =
V0 =
v(t) =
v0 =
x =
7 =
d =
A/7 =
p(x,t) =
T =
</>i =
02 =
<t>T =
co =
o) Ej =

experimental measurements of T(u)
time
v0/0.5V
input voltage to injectors
amplitude of input voltage to injectors
axial distance downstream of choked nozzle
ratio of specific heat capacities
decay rate of linear disturbances
gauge pressure upstream of flame
density
time delay across the feedback circuit
equivalence ratio of primary gas
equivalence ratio of secondary gas
total mean equivalence ratio
frequency
frequencies at which T(co) is measured, j = 1,2,...,

Received June, 29, 1988; revision received March 29, 1989. Copy-
right © 1989 American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

*Lecturer, Department of Physics.
tReader, Department of Engineering.
^Reader, Department of Engineering.

= perturbation
= Fourier transform
= complex conjugate

Introduction

WHEN combustion takes place within an acoustic res-
onator, the interaction between acoustic waves and un-

steady combustion may lead to oscillations of damaging inten-
sity. Such a combustion instability can occur in the
afterburners of jet aeroengines, where it has a low frequency
and is termed "reheat buzz." Similar oscillations have been
observed on laboratory rigs in which a flame burns in the wake
of a bluff body in a duct. There schlieren photographs (see for
example, Smart et al.1) show that the flame is perturbed by
velocity fluctuations at the flameholder, which alter the in-
stantaneous heat-release rate. If this unsteady heat-release rate
is in phase with local pressure perturbations, Rayleigh's crite-
rion2 states that the disturbances will grow. Longitudinal pres-
sure waves propagating in the duct can then become destruc-
tively large in magnitude. Since passive dampers are
ineffective at these low frequencies, the traditional solution
has been to modify the aerodynamics of the burner to reduce
the coupling between the heat-release rate and the unsteady
flow. However, there are frequently constraints on burner/
flame-stabilizer design and the only alternative is to limit the
heat release in the duct. In afterburners, this means that a limit
is placed on the available thrust.

A low-frequency combustion instability in a duct lends itself
to the techniques of active control. In this, a feedback signal
taken from the unstable system is suitably processed and used
to drive an actuator so as to reduce the instability. This may be
done either by changing the boundary conditions so that more
energy is lost at the boundaries or by altering the unsteady
heat-release rate so that the energy gain is reduced.

There have now been a number of demonstrations of the
success of active control techniques in suppressing combustion
instabilities on laboratory-scale apparatus. One of the simplest
of these is the Rijke tube.2 This is a vertical pipe, open at both
ends, which contains a heated gauze or a flame. Such a pipe
has a natural, half-wave resonance. The perturbations associ-
ated with this resonance induce fluctuations in the heat-release
rate that lag the unsteady velocity. Thus, when the heat source
is in the lower half of the pipe, the unsteady pressure and
heat-release rate are in phase and, according to Rayleigh's
criterion, any linear perturbations will grow. The pressure
fluctuations are sinusoidal with little cycle-to-cycle variation
and it is possible to use active control to reduce the oscillations
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Fig. 1 Reheat buzz rig (not to scale).

to negligible levels. This has been carried out in two different
ways. Collyer and Ayres,3 Heckl,4 and Screenivasan et al.5
introduced a second controlling heat source into the upper
half of the tube. The unsteady heating associated with this
second heat source is out of phase with the pressure perturba-
tions and dampens any oscillations. Alternatively, Dines6 al-
tered the energetics of linear perturbations by actively modify-
ing the boundary condition at the end of the tube using a
loudspeaker. The feedback signal here was the light emission
from CH radicals in the flame, which has been shown to be a
measure of heat-release rate.7 Heckl8 has achieved noise reduc-
tion in essentially the same way as Dines, but using pressure
fluctuations as the feedback signal to the loudspeaker.

In addition to the work on the Rijke tube, combustion
instabilities have been controlled on other small-scale appara-
tus. Kidin et al.9 have used a novel technique for generating
the controlling pressure fluctuations, the expansion from a dc
discharge. More conventional methods, very similar to
Heckl's, were used on a 1 kW laminar premixed burner by
Lang et al.10 They restated the encouraging observation for the
application of active control techniques to practical devices
that the energy consumption of the controller is very small.

Consequently, Poinsot et al.11 progressed to a more realistic
and practical burner. The apparatus is a diffusion turbulent
combustor with an airflow rate of 0.024 kg/s"1 and a fuel-to-
air ratio which is 40% of the stoichiometric value for propane.
Pressure oscillations were sensed by a microphone, suitably
filtered, delayed, amplified, and fed into a pair of loudspeak-
ers. At the frequency of the combustion oscillation, the un-
controlled peak of 125 dB was reduced by 24 dB by the
application of their control system.

Active control techniques have also been used successfully
on a laboratory rig designed to model some of the essential
features of the reheat system of a jet aeroengine.12'13 The rig is
illustrated in Fig. 1 and has been described in detail in Ref. 14.
Air and ethylene are introduced at constant mass flow rates
upstream of a choked nozzle. The gases mix as they enter the
working section so that there is a uniform fuel-to-air ratio
across the duct. The experiments of Bloxsidge and others were
performed with a premixed mass flow rate of 0.135 kgs"1 (i.e.,
about 27 ms"1 upstream of the flameholder) and a fuel-to-air
ratio of 66% of the stoichiometric ratio. The premixed flame
is stabilized in the wake of a conical gutter and undergoes
an acoustically coupled combustion instability called "buzz."
Control was applied by actively changing the boundary condi-
tion at the upstream end of the working section. In these
experiments, the fixed nozzle was replaced by a moveable one.
The mass flow rate of premixed gas entering the working
section could then be changed by altering the axial position of
this nozzle, thereby modifying the upstream boundary condi-
tion. The nozzle was driven by a suitably processed pressure
signal from the rig. Once implemented, the 162-dB peak in the
pressure spectrum due to the buzz was reduced by 20 dB. In
addition, the acoustic energy in the bandwidth 0-800 Hz was
diminished to 10% of its value without control. Furthermore,
the modified "buzz" frequency and modal pressure distribu-
tion with control were successfully predicted using the calcula-
tions described by Bloxsidge et al.15

Although this method of control was successful on a
0.25-MW turbulent premixed burner with significant cycle-to-
cycle variations, the method of implementation is not a practi-
cal proposition for full-scale afterburners. Likewise, it is im-
practical to consider the use of loudspeakers to produce
significant pressure fluctuations in environments where mass
flows of many kilograms per second are to be handled. In this
paper, we describe the results of a series of experiments to
investigate a more practical means of implementing the feed-
back. The basic rig is identical to that used by Bloxsidge et al.
(and illustrated in Fig. 1), but control is achieved by the
unsteady addition of fuel near the flameholder. We exploit the
fact that unsteady combustion is very effective at producing
high-intensity sound levels. The pressure perturbation mea-
sured by a transducer upstream of the flame will be the input
to the control circuit. The idea of the control is to use fast-re-
sponse solenoid valves to pulse fuel into the rig in response to
this input. This produces an additional unsteady rate of heat
release which, if the control circuit is suitably designed, stabi-
lizes the flame.

Practical Control System
The use of unsteady addition of fuel as a means of con-

trolling combustion instabilities has been tested on the rig
illustrated in Fig. 1. In the basic configuration, the fuel
(ethylene) and air are introduced at constant mass flow rates
upstream of a nozzle. This nozzle is choked to ensure that the
supplies of fuel and air are acoustically isolated from the
working section. The ethylene and air mix well in the constric-
tion and enter the working section as a premixed gas. The
working section is just a straight duct in which a flame is
stabilized in the wake of a conical gutter. The experiments
were performed with a premixed mass flow rate of 0.135 kgs"1

and equivalence ratios (defined as the ratio of mass of fuel to
mass of air as a fraction of the ratio required for stoichiomet-
ric burning) in the range 0.63-0.70. We measure the pressure
perturbation p'(x,t) at various axial distances x downstream
of the choked nozzle. In addition, the light emission from
short-lived C2 radicals in the flame is monitored. The optical
arrangement is straightforward. A screen blanks off all but a
75-mm length of flame. An image of this portion is focused
through a filter chosen pass the light emitted in the main C2
transition, and onto the photocathode of a photomultiplier.
Two nominally identical systems are available, with filters
centered on 516.7 and 518.0nm of bandwidth 3.2 and 3.6nm,
respectively. I(x,t) denotes the output from the photomulti-
plier for the window centered on x. Hurle et al.7 have shown
that, under certain conditions, the heat-release rate is propor-
tional to this light emission. Previous work14'15 has shown that
this is a valid assumption for this apparatus under limited
conditions. A measurement of the stagnation temperature rise
across the duct length therefore enables the photomultiplier
output in volts to be converted into heat-release rate. We
denote the heat-release rate in the window centered on x by
Q(x,t), which may be decomposed into its mean and fluctuat-
ing components, Q(x) and Q'(xtt), respectively.

The combustion oscillations in this rig have significant cy-
cle-to-cycle variations, and if they are to be successfully con-
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Fig. 2 Detail of mixing device for the secondary fuel and air.

trolled by feedback, the time delay in the feedback system
must be kept as short as possible. In earlier work, Bloxsidge
and others noted that an additional time delay of one cycle
(about 13 ms) led to a 10-dB degradation in the performance
of the controller. We aim to use the fluctuations in heat-re-
lease rate due to imposed variations in fuel-air ratio as our
control. These nonuniformities will convect with the fluid
from the solenoid valves to the flame. The primary fuel man-
ifold is so far upstream of the flame in our premixed rig that
the time delay between the primary injection of fuel and its
combustion is prohibitively large. Consequently, when imple-
menting the control the primary supplies of fuel and air are
kept steady and a secondary unsteady supply of fuel is intro-
duced close to the flameholder.

We chose to use automotive fuel injectors to pulse this
secondary fuel. These direct-acting solenoid valves are cheap,
robust, and readily available. Design calculations showed that
four injectors were required to provide sufficient fuel flow
rate to control the instability. They have the advantage of
being electrically operated with a response time of less than 1
ms.16 Their disadvantage is that they have only two modes of
operation: they are either fully opened or closed. The deliv-
ered mass flow of fuel depends both on the pressure in the
supply feeding the injectors and on the length of time they are
open, and is related to the input voltage in a nonlinear way.

The addition of a secondary supply of neat fuel in premixed
gas at a location close to the flame will create local rich spots
and destabilize the flame. We must therefore ensure that the
secondary fuel is well mixed with air before it is incident on the
flame. Consequently, air is added to the secondary fuel in a
chamber prior to injection into the rig (see Fig. 2). Rapid and
complete mixing is required in this chamber. Air flows steadily
into the chamber while the fuel enters unsteadily through the
choked injectors. The two streams meet in perpendicular di-
rections to maximize mixing. If the control is to be effective,
the mixing chamber must be flushed in a fraction of a cycle.
This time is estimated to be about 2 ms. This time delay and
the opening time of the injectors are small in comparison with
the time taken for the secondary fuel to convect along the
working section to the flameholder. This is of the order of 7
ms, or half a cycle at a typical frequency of the combustion
instability. The delay represents a reasonable compromise be-
tween the conflicting requirements of minimizing the time
delay while ensuring that the jets of secondary gas enter the
working section sufficiently far upstream of the combustion
zone to prevent the flame from stabilizing in their wakes.
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Fig. 3 Control system.

It is worth noting that the requirement of a secondary fuel
and air supply for control is peculiar to a premixed rig and
would not apply to an afterburner. There the primary fuel is
injected sufficiently close to the combustion region for modu-
lations in this fuel flow rate to be used for control.

An unsteady signal is taken from the rig and used as input
to the control circuit. The main criterion for the choice of
control signal is that it should have a large signal-to-noise ratio
at the buzz frequency. The unsteady light emission from C2
radicals close to the exit of the duct and a pressure upstream
of the region of combustion have both been successfully used
as control signals. The dc component is removed from this
unsteady signal. It is then amplified and a suitable time delay
is imposed (see Fig. 3). When this voltage is positive, the
injectors are opened. The secondary air enters the rig steadily
and continuously so that the fuel-to-air ratio of secondary gas
is varied.

In the experiments to be described in this paper, the primary
mass flow of premixed gas M\ and primary equivalence ratio
0i are set to produce a flame of the required stability. Second-
ary air flows steadily into the rig with a mass flow rate ma2
which is unchanged throughout all of the experiments. The
mass flow of secondary fuel m^ not only depends on the
proportion of a cycle over which the injectors are open, but
also on the pressure in a feed ring joining the inlets of the four
injectors denoted by pm]. The slow response of the pressure
regulator controlling pinj means that it decreases whenever the
injectors are open and rises again as they are shut. We will
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denote the mean of pm] by />inj._The secondary mass flow M2
and its equivalence ratio 02 = 02 + </>2 can be altered in the
following four ways:

1) The injectors are closed and there is no secondary fuel
flow nifr so that 02 = 0.0.

2)_The injectors are held open so that #2/2 is steady and
</>2 = 02 with no unsteady component 02.

3) The injectors are driven by the signal from a function
generator at a range of frequencies so that m^ and 02 = 02 + 02
have a mean component and unsteady component of constant
amplitude.

The injectors are driven from a feedback signal from the rig
so that 02 = 02 + 02, where the magnitude of both the mean
and unsteady components depends on the effectiveness of the
control.

Under all four types of conditions, the premixed gas down-
stream of the secondary supply will have a total mean equiva-
lence ratio <t>r associated with it, where

07 = ' ma2) x 0.068

07 can therefore be increased by an increase in either 0} or 02.
Information to aid in the design of the control circuit can be

obtained by driving the injectors as in (3) to obtain the transfer
function between v(t), the input voltage to the injectors, and
the control signal, which is chosen in what follows as the
pressure perturbation at x - 0.725 m and will be denoted by
Aef(0- The nonlinear element of our actuator is that the fuel
injectors are either open or closed. They open whenever the
input voltage is positive. Consider a sinusoidal input v(t) =
v0 sin co/. The form of the nonlinearity in the behavior of the
fuel injectors means that the fuel flow rate and hence the
burning rate and pressures generated in the rig are indepen-
dent of v0. Moreover, since the fuel injectors are choked
throughout their practical operating range, the flow rate is
directly proportional to pirlj> the mean back pressure supplied
to the injectors. Diffusion between the fuel addition and its
combustion attenuates the effect of high-frequency pulsations
in fuel, and so it is enough just to consider the fundamental
component of prcf(t). Since Aef(^) is independent of v0 and
directly proportional toAnj, we can write the transfer function

in the form

AeffeO _ Pinj S(co) (1)

where S is independent of both v0 and /)inj.
Once S(co) is known, describing-function analysis (see for

example, Ogata17) may be used to calculate the required char-
acteristics of the control circuit. Usually, this transfer function
would be determined at the running condition of interest by
applying a sinusoidal input voltage for a range of frequencies
co and measuring the response. Unfortunately, such a proce-
dure is not possible here because the system to be controlled is
unstable and the instability swamps any response to an im-
posed input voltage. Instead, we run the rig at a low equiva-
lence ratio at which the flame/duct arrangement is stable and
measure the transfer function r(co) = /?ref(co)/i>(co). This trans-
fer function is then extended analytically to give a form for
r(co) at the higher fuel-air ratios at which the system is un-
stable. This may then be used to design a suitable feedback
circuit. The theory will assume that the only nonlinearity in
the system is that due to the on-off behavior of the fuel
injectors. Any nonlinearity in the response of the duct/flame
arrangement is therefore neglected.

Figure 4 shows the measured response r(co) to forcing at
various frequencies for v0 = 0.5 V, pinj = 210 kPa, and an
equivalence ratio 0j of 0.63 at which the flame is stable. The
experimental measurements of the transfer function TE(u>)
were obtained at 14 different frequencies, co£y, j = 1,...,14.
We seek to fit an analytical expression to these measured
transfer functions.

Consider a time dependence proportional to ei<J)t. Since the
flames is stable, we know that T(co) has a pole in the upper
half co plane and denote its position by co/? + id. The d is
positive and describes the decay rate of linear disturbances.
The transfer function may therefore be expressed as

co — co/? — id (2)

where FI(CO) has yet to be determined. However, since r(co) is
the transfer function between two real quantities, T( — co)
= r*(co) where the asterisk denotes a complex conjugate, and
it is more natural to write

(co — co/? — /6)(co -I- co/? — id) (3)

The data shown in Fig. 4 demonstrate a change in the phase of
the transfer function with frequency such as that due to a
constant time delay. This can be displayed explicitly by ex-
panding r(co) in the form

7Xco) =
(co — co/? — /6)(co + co/? — id) (4)

If we assume /^(co) to be a slowly varying function of fre-
quency, for all co near co/?, T(co) can be written as

(co — co/? — /6)(co + co/? — id) (5)

where A = F3(co/?) is a complex number. Similarly, for co near
— co/?, we have

(co — co/? — /<5)(co + co/? — /6) (6)

since A * = F3( — co/?).
We are primarily interested in T(co) in the vicinity of its

poles, since it is its behavior there that determines the required
characteristics of the feedback circuit. We will therefore take
the form of T(co) in Eq. (5) for all positive real co, and the form
in Eq. (6) for negative real co. The constants A ( = AR + L4/),
)8, co/?, and d in this expression are to be found by minimizing
the sum of squares of the errors between the analytical and

100 -

-100 -

100

Fig. 4 Comparison of analytical and experimental transfer functions
for 0i = 0.63, v0 =0.5 V, and j3mj = 210 kPa. •: experimental transfer
function TE(W); and ——: analytical transfer function J(w) of the
form given in Eq. (5) with A =(-7.02 + /4.00)104 kPa/Vs2, 0 = 11.8
ms, w/? =411 rad"1, and 6 = 28.8 s~!.
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experimental transfer function, i.e., by minimizing

The minimization was performed by NAG routine E04FNF
and the constants found to be A = ( - 7.02 + /4.00)104 kPa/
Vs2, 0=11.8 ms, 0^=411 rad-1, and 6 = 28.8 s'1. This
theoretical transfer function is compared with measurements
in Fig. 4. The agreement is good near the resonant peak, but
the magnitude of the transfer function at low frequencies is
somewhat underestimated. This is not surprising since no at-
tempt was made to describe T(co) at these low frequencies.
When the Nyquist stability criterion is applied, these low
frequencies lead to curves close to the origin with little effect
on the stability threshold.

The resonant frequency co/? and the damping d are strong
functions of fuel-to-air-ratio, but we hypothesize that A and 0
only vary slowly. If this were true, they could be treated as
fixed constants for modest changes in equivalence ratio. This
supposition was tested by measuring the transfer function
r£(co) at a different equivalence ratio </>i = 0.65 with v0 = 0.5
V and Anj = 210 kPa as before. The measurements are dis-
played in Fig. 5. Once again a theoretical expression of the
form in Eq. (5) was fitted to these measurements, but now A
and j8 were kept fixed at the values determined from the
</>! = 0.63 data. The function

\
was minimized by varying UR and d only. The best fit was
found to be for o>/? = 450 rad~ l and d = 17.3 s~ l. Figure 5
shows the comparison between this theoretical transfer func-
tion and the measurements. The agreement is very encourag-
ing.

The control was applied to a case with equivalence ratio
0i = 0.68. The flame/duct arrangement is then unstable with
small oscillations growing into a nonlinear limit cycle of fre-
quency 74 Hz. Theoretical work on this combustion instabil-
ity15 has shown that there is little difference between the fre-
quency of the unstable linear system and the nonlinear limit
cycle frequency. We therefore take co/? = 465 rad ~ l for this
running condition. Since linear disturbances grow, d must be
negative at this equivalence ratio. The precise value of d is not
known at this stage and so we will investigate the feedback
required for various values of 6. Ironically, once the instability
has been controlled, d can be determined by switching off the
control and measuring the growth rate of small-amplitude
disturbances.

Equation (1) describes how r(co), the transfer function for
v0 = 0.5 V andpinj = 210 kPa, should be modified to describe
/?ref(co)/y(co) for arbitrary values of v0 and j)inj. It shows that in
general

(7)

where V0 and Pinj are v0 and /7inj normalized with respect to
their values in the forcing experiments, i.e., V0 = v0/Q.5 V,
Pinj=Anj/210kPa.

Consider applying negative feedback G(co). Then

Since we already have pref(^) = v(u) T(u) P-m-/ V0, these two
conditions can be combined into a statement that

tf(co) [1 + G(co) TXco) Pinj/Fo] = 0 (9)

The natural frequencies of the system are the zeros of
[1 + G(co) TXco) Pinj/F0]. If [1 + G(co) TXco) Pinj/K0] has no
zeros in the lower half co plane, disturbances decay. We wish to
keep the feedback circuitry as simple as possible and will

100

Fig. 5 Comparison of analytical and experimental transfer functions
for <£i = 0.65, v0 = 0.5 V, andpinj = 210 kPa. •: experimental transfer
function TE(W); and ——: analytical transfer function 7(to) of the
form given in Eq. (5) with A =(-7.02 + /4.00)104 kPa/Vs2, 0 = 11.8
ms, w/?=460 rad"1, and 5 = 17.3 s-1.

consider it to be made up only of a time delay, i.e.,

G(co)= -e~i<aT (10)

where r is real and positive.
Substitution for T(u) and G(u) from Eqs. (5) and (10)

shows that the zeros of [1 + G(co) T(w) Pinj/F0] are at

1 --
A p. .Sl*\r\}

- ico(/3 + T)

— UR — /5)(co — id)
= 0 (11)

for Re co>0. When P-m-}/V0 is small and equal to k, say, this
equation may be solved by an expansion in powers of k . To
lowest order in k, there is a root at co/? + id. Since d is negative,
this natural mode grows in time and is unstable. To first order
in k, the natural frequency is

Ak (d ~ i

The feedback shifts the frequency by Akexp [(d — /c.
/2co/?. This reduces the growth rate and so has a stabilizing
influence if the imaginary part of Akexp [(d — IUR)($ + T)]/2co/?
is positive. With A rewritten as \A le /a, this condition reduces
to

for some integer n. For a given value of k, the feedback has
the maximum stabilizing effect if the shift in frequency is
purely imaginary; that is, if

r
--}** (13)

Substitution for the values of a, UR , and 0 shows the mini-
mum value of T that satisfies Eq. (13) to be 4.0 ms. This time
delay in the feedback circuit has the maximum stabilizing
effect for small values of k. However, it is apparent from Eq.
(12) that the feedback has some stabilizing influence for all
values of r in the range 0.6<r<7.3 ms.

This approximate analysis only shows the trends for small
levels of k. Describing-function analysis17 may be used to
determine the closed-loop stability more precisely. The locus
of the points Re[G(w)r(o;)] vs Im[G(o;)r(co)] is plotted for real
co. It follows from complex variable theory18 that the number
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Fig. 6 Nyquist curves for various values of T, the time delay across the feedback circuit, for 6= — 20 s"1.

of times this curve encircles (— K0/Pinj,0) clockwise is equal to
the number of zeros minus the number of poles of
[1 + G(co)r(oj)Pinj/K0] in the lower half co plane. Equations (5)
and (6) show that T(co) has two poles in the lower half o; plane.
Hence, the criterion shows that the Nyquist curve must encir-
cle the point (— K0/Pinj,0) twice anticlockwise for distur-
bances to decay.

Figure 6 shows the locus of the curve Re[G(o;)r(co)] vs
Im[G(cj)r(co)] for T(o;) and G(o>) as given by Eqs. (5), (6), and
(10) with d = —20 s"1. This curve must encircle the point
(— K0/Pinj,0) twice anticlockwise if perturbations are to decay
with time. It is evident from the figure that perturbations
decay, for some values of K^nj, for r in the range 2.9
<r<4.9 ms. The optimum case occurs when the time delay
across the feedback circuit is about_3.9 ms. Then, provided
thatpinj is sufficiently large that K0/Pinj<4, oscillations decay
with their ampjitudes decreasing until K0/Pinj = 1. Perturba-
tions with K0/Pinj< 1 grow, and hence K0/Pinj= 1 describes a
stable limit cycle. In dimensional terms, this limit cycle has an
amplitude v0 =pinj/420 kPa. Since the amplitude of this limit
cycle increases as p\^ is increased, we call it the "feedback
mode."

Results for other negative values of d are similar. As — 6 is
increased, the uncontrolled system has a larger growth rate
than for the case shown in Fig. 6. The corresponding Nyquist
curves then show a reduction in the range of T that can be used
to stabilize the flame. Nevertheless, the predicted optimum
time delay is virtually unchanged. This is convenient because,
as we have already noted, the precise value of d is not known
when the control circuit is being designed. These calculations
have shown that a feedback circuit with a time delay of about
3.9 ms should be built.

The effect of the time delay across the feedback circuit on
the measured pressure band level (PBL) in the range 0-400 Hz
at x = 0.725 m is shown in Fig. 7. It can be seen that the
theoretical optimum value of 3.9 ms agrees well with the time
delay that leads to a maximum reduction in the measured
PBL. Data in Fig. 7 are for two values of the mean back
pressure to the injectors, pinj. At the higher value of />inj, a
significant reduction in PBL occurs over a wider range of
delay times. When pinj is reduced, the data become more
scattered and the range of delays over which a reduction in
sound is possible is smaller. The experimentally determined
optimum delay is near 3.5 ms and values in the range 3.4-3.6
ms have been used in the remaining experiments.

The Nyquist curves in Fig. 6 showed that an increase in/>inj
increases the range of initial amplitudes of oscillation that can
be controlled. But it also leads to an increase in the magnitude
of the feedback mode. This can be seen clearly in the experi-
mental results in Fig. 8 for a time delay of 3.4 ms. The primary
equivalence ratio was kept constant at 0.68 in these tests. No
secondary fuel is added when the control is off. The uncon-
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PBL
(0-AOOHz)

dB

160

155

Control off

o
o

i 01=0-68,p inj=333kPa

U 6
time delay, msec.

Fig. 7 The effect of the time delay across the feedback circuit on the
measured pressure-band level in the range 0-400 Hz for two values of
Pinj. The PBL without control is shown by the dashed line.

trolled spectra in Fig. 8 show a narrow band peak near 74 Hz
due to a combustion instability. We call this the "buzz"
mode. "Control on" involves the unsteady injection of sec-
ondary fuel and hence a higher total fuel-air ratio. For this
value of time delay, it is seen that as Anj is increased, the
frequency of the buzz mode is gradually altered and its ampli-
tude is reduced. We call this peak the "modified buzz" mode.
However, as />inj is increased, a second peak due to the feed-
back mode begins to appear. The optimum for our control
system is approximately p\n-} = 333 kPa. If Anj is increased
above this, the feedback mode becomes significantly large. A
more sophisticated control circuit is required for complete
stability. We have not pursued this further optimization. Our
aim has been simply to demonstrate that the unsteady addition
of fuel is a suitable way of implementing the feedback and that
the performance of such a controller can be predicted from
simple control theory.

The origin of the two low-frequency peaks in the controlled
spectrum can be further illustrated by examining the Rayleigh
source term at these frequencies. This source term has been
written down by Chu19 and is

q p (14)

where p is the local mean density, c the local mean sound
speed, q' the fluctuating component of heat-release rate per
unit length, p ' the fluctuating component of pressure, and the
overbar denotes a short time average over one period of the
oscillation. If the integral in Eq. (14) is negative, it indicates
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Fig. 8 The effect of an increase in the injector back pressure pmj on
the pressure spectrum level upstream of the flame. Dotted curves are
spectra without control while solid curves show the effect of control.

that, on average, the acoustic disturbances are damped by the
unsteady combustion and the system is stable. When it is
positive, however, disturbances gain energy from the combus-
tion. If this energy gain is greater than that lost on reflection
at the boundaries, linear perturbations will be unstable.

The contribution to the Rayleigh source term from a 75-
mm-long window centered on x is proportional to
Qr(x,t)p'(x,t), where Q'(x,t) is the unsteady heat-release
rate within the window. This can be expressed in terms of
SPQ(X,U), the cross-power spectral density betweenp(x,t) and
Q(x,t). From the definition of cross-power spectral density,

1Q'(x,t)p'(x,t) = —
27T . _ c

do;

Re[SpQ(x,u)] (15)

since SpQ(x, - o>) = SpQ(x, co). The function Re[SpQ(x, co)] can
be calculated from two sets of transfer functions. We denote
the transfer functions between the pressure at axial positions x
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Fig. 9 The cross-power spectral density of p(x,t) and Q(x,t) plotted
as a function of axial position for the buzz mode without control and
for the modified buzz and feedback modes with control for the
running conditions in Table 1.

along the duct and the reference pressure by p(x, a>)//7ref(a>).
These can be measured in a straightforward way. Similarly,
the transfer functions Q(x, oj)/Aef(^) have been obtained. Now

cosA0Sp(co) (16)

The quantity Re[SpQ(x .co)] has been calculated for each win-
dow at the buzz frequency without control and at the frequen-
cies of both the feedback mode and the modified buzz mode
with control. The results are plotted in Fig. 9. When Re
[SPQ(X, ^)] is multiplied by (y — IV/oc2, it gives the contribution
to the Rayleigh source term from disturbances of frequency co
in the window centered on x. The product (y— ty/pc2 only
changes by about 3% along the duct and this variation will be
ignored. Hence, when data for each frequency in Fig. 9 are
summed along the duct, they indicate the net energy gained
from the combustion by acoustic disturbances.

It is apparent from Fig. 9 that without control the Rayleigh
source term is large and positive at the buzz frequency. This
source term is clearly reduced in amplitude when the controller
is switched on (note the change of scale). However, it is
undoubtedly still positive at the higher of the two frequencies
indicating some driving from the combustion. This is the
disturbance we have identified as the modified buzz mode. At
the lower frequency, there is little net destabilizing contribu-
tion along the duct. This mode is at such a frequency that it is
augmented by the addition of fuel with the time delay required
to cancel the buzz frequency. We have called this the feedback
mode.

Figure 8 illustrates that the application of control has signif-
icantly reduced the sharp peak in the uncontrolled pressure
spectrum. Table 1 summarizes the performance of the con-
troller for the case pinj = 333 kPa. With the total airflow rate
and the primary equivalence ratio constant, the addition of
3% more fuel has reduced the PEL within 3 dB of the peak at
the buzz frequency by at least 12 dB. In the range 0-400 Hz,
the controlled acoustic power is reduced to 18% of its uncon-
trolled value. As well as the reductions in sound level, there is
an increase of 10% in the gauge pressure Ap upstream of the
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Table 1 Results

Control on
Feedback Modified buzz Control off Change

Frequency, Hz 65 80 74 ——
Ap, kPa 6.95 6.28 10%
Mi, kgs-1 0.135 0.135 ——
</>i 0.68 0.68 ——
A/2, kgs-1 10xlO~3 10xlO~ 3 ——
02 0.28
Mr, kgs-1 0.145 0.145 ——
(f>T 0.65 0.63 3%
Anj, kPa 333 —— ——
7, ms 3.6 —— — —
%2/w/i 3% —— ——
PBL (-3 dB of peak), dB

at x = 0.75 m 151.6 152.0 164.1 -12.5 -12.1
PBL (0-400 Hz), dB

at* = 0.75m 157.2 164.6 -7.4

Controlled acoustic power
Uncontrolled acoustic power
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Fig. 11 The axial distribution of mean heat-release
without control for the running conditions in Table 1
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Fig. 10 Pressure-band level over 0-400 Hz plotted as a function of
axial position with and without control for the running conditions in
Table 1.

flame. This indicates that more combustion occurs within the
duct when controller is on.

In Table 1, we have only considered the effect of applying
active control on the broadband sound power at the reference
position. The PBL over the bandwidth 0-400 Hz along the
entire working section is shown in Fig. 10. The application of
active control reduces the PBL at all locations in the duct,
despite the changes in frequency and mode shape.

Figure 11 shows that the application of control changes the
axial distribution of mean heat-release rate, as well as increas-
ing its overall level due to the increase in (f>T. Without control
the mean heat-release rate has a maximum close to the gutter
lip and then decreases. This is characteristic of a highly per-
turbed flame.14 The application of control moves the maxi-
mum in mean heat-release rate downstream, a characteristic of
a more stable flame.

So far the comparison has been made with an uncontrolled
case in which the secondary fuel is switched off, w/2 = 0; an
example of case 1 in our classification. When the control is on,
secondary fuel is added unsteadily, while Mls 0j, and ma2 are

held at the same constant values as in the no-control case. This
results in an increase in <t>T and leads to the question of how the
controlled case compares with alternative fueling schemes for
the same overall equivalence ratio. The same value of <t>Tcould
be achieved by adding more primary fuel or by the steady
injection of secondary fuel as in case 2. Figures 12-14 display
the results of a parametric study of the response of the system
to the various alternative methods of fuel injection.

Figure 12 shows data collected by injecting the secondary
mass flow as in cases 1,2, and 4 above, and plotting buzz
frequency against </>r. As we have seen in Fig. 8 for case 4
when the control is on, there are two frequencies at each value
of <f)T. Clearly, the data for the modified buzz frequency,
along with that for cases 1 and 2, show that the buzz frequency
is determined primarily by the total equivalence ratio rather
than the location at which fuel is added. As we might expect,
the feedback frequency is anomalous in this figure.

In contrast to the frequency, Fig. 13 shows that the stability
of the flame/duct configuration with steady fueling is influ-
enced by the proportions of primary and secondary fuel which
result in a given </>r. Curves are drawn through points at a
constant value of <£i, with <t>T being increased by the steady
addition secondary fuel. For example, all values of PBL are
higher for </>i = 0.67 than they are for </>j = 0.65, despite the fact
that there is region where the values of 4>T overlap. Therefore,
this diagram shows that addition of fuel at the location of the
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Fig. 12 The effect of the total fuel-to-air ratio on the dominant
frequency. Data are shown for various methods of fuel addition.
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Fig. 13 The effect of the total fuel-to-air ratio on the pressure-band
level within 3 dB of the peak and on the pressure-band level over
0-400 Hz. Dashed curves are drawn through data at constant <f>\. Fuel
is added to the system by various methods.

secondary injectors is less destabilizing than mixing the same
amount into the primary flow.

In Table 1, we compared results at the same 0i with
777/2 = 0 in the no-control case. An alternative test for the
effectiveness of the controller would be to compare results for
the same </>i and 0r with and without control. In this compar-
ison, the no-control case would involve the steady addition of

Fig. 14 The effect of total fuel-to-air ratio on Ap, the gauge pressure
upstream of the flame, for various methods of fuel addition.

secondary fuel to give the same value of m^ as when the
controller is switched on. For example, the controlled case for
c/>i=0.68 (point A on Fig. 13) is compared with point B in
Table 1. If the comparison is performed at constant 0j and 07,
then the effectiveness of the controller would be measured as
the difference between point A and point C. It is apparent
from Fig. 13 that these two different comparisons lead to no
appreciable difference between the measured effectiveness of
the controller.

We saw in Table 1 that Ap, the gauge pressure just upstream
of the flame, increased by 10% when the controller was
switched on. This means that more heat is released within the
duct and the thrust is increased. Figure 14 explains why this
occurs. It shows Ap to be roughly proportional to the overall
equivalence ratio 0r and that a similar improvement in thrust
can be made by the steady addition of fuel. The main advan-
tage of the controller is also illustrated in this figure. It enables
a flame to burn in the rig at a higher fuel-air ratio than is
possible without control. This results in an increase in the
maximum available thrust.

Conclusions
Combustion oscillations in an 0.25-MW burner can be sta-

bilized by the unsteady addition of extra fuel. The required
characteristics of the controller can be predicted from mea-
sured transfer functions describing the flame's response. A
suitably phased addition of 3% more fuel reduces the 164 dB
peak in the pressure spectrum due to the combustion oscilla-
tions by about 12 dB. The acoustic energy in the 0-400 Hz
bandwidth is reduced to 18% of its uncontrolled value. The
controller enables the rig to run at high fuel-air ratios at which
it is impossible to stabilize a flame without control. This leads
to an increase in the maximum available thrust.

The control system exploits the chemical energy in the fuel
to alter the acdustic energy balance in the duct. Relatively little
mechanical power is needed to produce the required unsteady
fuel injection. Hence, this method of feedback has consider-
able potential for full-scale applications.
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